Schenkel proved that the automorphism group of a flat Minkowski plane is a Lie group of dimension at most 6 and described planes whose automorphism group has dimension at least 4 or one of whose kernels has dimension 3. We extend these results to the case of toroidal circle planes.
Introduction
The classical Minkowski plane is the geometry of plane sections of the standard nondegenerate ruled quadric in real 3-dimensional projective space P 3 (R). It is an example of a flat Minkowski plane, which is an incidence structure defined on the torus satisfying two axioms, namely the Axiom of Joining and the Axiom of Touching. Torodal circle planes are a generalization of flat Minkowski planes in the sense that they are incidence structures on the torus that are only required to satisfy the Axiom of Joining, cf. Subsection 2.1. There are many examples of flat Minkowski planes, cf. [PS01, Section 4.3]. For an example of a proper toroidal circle plane (that is not a flat Minkowski plane), see [Pol98] .
The automorphism group of a flat Minkowski plane is well studied. Schenkel [Sch80] showed that this group is a Lie group of dimension at most 6. She also determined flat Minkowski planes whose automorphism groups have dimension at least 4 or one of whose kernels (cf. Subsection 2.4) has dimension 3. Such planes are isomorphic to the classical Minkowski plane, a family constructed by Steinke [Ste85] , or a family generalised by Schenkel [Sch80] from the construction by Hartmann [Har81] .
In this paper we extend these structural results from flat Minkowski planes to toroidal circle planes. Our first main result is Theorem 1.
The automorphism group of a toroidal circle plane is a Lie group with respect to the compact-open topology of dimension at most 6.
Schenkel [Sch80] gives an outline of a proof of Theorem 1.1 in the case of flat Minkowski planes. Her method is based on convergence of automorphisms on so-called tripods and follows a proof of an analogous result for spherical circle planes by Strambach [Str70] . This approach neither makes use of parallel classes provided by toroidal circle planes, which causes problems in covering the entire point set, nor directly yields the right upper bound for the dimensions of the automorphism groups. An alternative proof in [Ste84] implicitly uses the Axiom of Touching and therefore cannot be carried over to toroidal circle planes. We provide a simplified proof of Theorem 1.1 that avoids these problems.
Based on the classification by Schenkel and Theorem 1.1, we also show that a toroidal circle plane will automatically satisfy the Axiom of Touching when its automorphism group is large, in the following sense. In Section 2, we recall some facts about toroidal circle planes. The proofs of the main theorems are presented in Section 3.
Preliminaries

Toroidal circle planes, flat Minkowski planes and examples
A toroidal circle plane is a geometry T = (P, C, G + , G − ), whose point set P is the torus S 1 × S 1 , circles (elements of C) are graphs of homeomorphisms of S 1 , (+)-parallel classes (elements of G + ) are the verticals {x 0 } × S 1 , (−)-parallel classes (elements of G − ) are the horizontals S 1 × {y 0 },
We denote the (±)-parallel class containing a point p by [p] ± . When two points p, q are on the same (±)-parallel class, we say they are (±)-parallel and denote this by p ± q. Two points p, q are parallel if they are (+)-parallel or (−)-parallel, and we denote this by p q.
Furthermore, a toroidal circle plane satisfies the following Axiom of Joining: three pairwise non-parallel points can be joined by a unique circle.
A toroidal circle plane is called a flat Minkowski plane if it also satisfies the following Axiom of Touching: for each circle C and any two nonparallel points p, q with p ∈ C and q ∈ C, there is exactly one circle D that contains both points p, q and intersects C only at the point p.
There are various known examples of flat Minkowski planes. For our purpose, we describe two particular families, which play a prominent role in the classification of flat Minkowski planes. We identify S 1 as R ∪ {∞} in the usual way.
Example 2.1 (Swapping half plane M(f, g), cf. [PS01, Subsection 4.3.1]). Let f and g be two orientation-preserving homeomorphisms of S 1 . Denote PGL(2, R) by Ξ and PSL(2, R) by Λ. The circle set C(f, g) of a swapping half plane M(f, g) consists of sets of the form 
The circle set C GH (f, g) of a generalised Hartmann plane M GH (r 1 , s 1 ; r 2 , s 2 ) consists of sets of the form
where s, t ∈ R, s = 0, sets of the form
where a, b, c ∈ R, a > 0, and sets of the form
where a, b, c ∈ R, a < 0.
One can obtain the classical Minkowski plane as the swapping half plane M(id, id), where id denotes the identity map; or alternatively, the generalised Hartmann plane M GH (1, 1; 1, 1).
Geometric operations
For a metric space (X, d), let H(X) be the set of all of its closed subsets. The set H(X) is a metric space if we equip it with the Hausdorff metric induced from the metric d, which is defined by Considering the point set P ∼ = S 1 × S 1 as a subset of R 3 , we equip P with the metric e induced by the Euclidean metric of R 3 . The circle set C is equipped with the Hausdorff metric h induced from e.
Let P 3 be the subspace of the product space P 3 consisting of all triples of pairwise nonparallel points. Let P 1,2 be the subspace of H(P 2 ) defined by P 1,2 := {{x, y} | x, y ∈ P}. Let C 2 * be the subspace of the product space C 2 which consists of all pairs of distinct circles that have non-empty intersection. Let C 1 * ⊂ C 2 * be the subspace of pairs of touching circles.
We define five geometric operations on toroidal circle planes as follows.
1. Joining α : P 3 → C is defined by α(x, y, z) being the unique circle going through three pairwise nonparallel points x, y, z.
Parallel Intersection
The geometric operations are continuous if and only if C is equipped with the topology induced by the metric h. For a proof, see [Ho17, Section 3.4].
Toroidal circle planes satisfy the K4 coherence condition for flat Minkowski planes introduced by Schenkel [Sch80, 2.1].
Lemma 2.3 (K4 coherence condition, special case). Let (C n ) ∈ C be a sequence of circles and (p i,n ) → p i , i = 1, 2, 3 be three converging sequences of points such that p i,n ∈ C n , p 1 + p 2 and 
Derived planes
The derived plane T p of T at the point p is the incidence geometry whose point set is
, whose lines are all parallel classes not going through p and all circles of T going through p. For every point p ∈ P, the derived plane T p is an One particular result on R 2 -planes we will use is the following. (a) If the point sequences (a n ), (b n ), (c n ) have mutually distinct limits a, b, c and if a n , b n , c n are collinear for infinitely many n ∈ N, then a, b, c are collinear as well.
(b) If, in addition, b n ∈ (a n , c n ) for infinitely many i ∈ N, then b ∈ (a, c).
The geometric operations on the derived R 2 -plane T p at a point p are induced from those on T. On T p , we coordinatize the point set R 2 in the usual way. It will be convenient to use the maximum metric d defined as
The automorphism group
An isomorphism between two toroidal circle planes is a bijection between the point sets that maps circles to circles, and induces a bijection between the circle sets. It can be shown that parallel classes are mapped to parallel classes.
An automorphism of a toroidal circle plane T is an isomorphism from T to itself. With respect to composition, the set of all automorphisms of a toroidal circle plane is an abstract group. We denote this group by Aut(T). Every automorphism of a toroidal circle plane is continuous and thus a homeomorphism of the torus, cf. [PS01, Theorem 4.4.1].
Let C(P) be the space of continuous mappings from P to itself. As each automorphism is an element of C(P), it is natural to equip the automorphism group Aut The automorphism group Aut(T) has two distinguished normal subgroups, the kernels T + and T − of the action of Aut(T) on the set of parallel classes G + and G − , respectively. In other words, the kernel T ± consists of all automorphisms of T that fix every (±)-parallel class. For convenience, we refer to these two subgroups as the kernels T ± of the plane T.
For flat Minkowski planes, Schenkel obtained the following results.
Theorem 2.5. Let M be a flat Minkowski plane. Then the automorphism group Aut(M) is a Lie group with respect to the compact-open topology of dimension at most 6. (a) If Aut(M) has dimension at least 5, then M is isomorphic to the classical flat Minkowski plane. (b) If Aut(M) has dimension 4, then M is isomorphic to one of the following planes. (i) A nonclassical swapping half plane M(f, id), where f is a semi-multiplicative homeomorphism of the form f d,s , (d, s) = (1, 1). This plane admits the 4-dimensional group of automorphisms
(ii) A nonclassical generalised Hartmann plane M GH (r 1 , s 1 ; r 2 , s 2 ), where r 1 , s 1 , r 2 , s 2 ∈ R + , (r 1 , s 1 , r 2 , s 2 ) = (1, 1, 1, 1). This plane admits the 4-dimensional group of automorphisms {(x, y) → (rx + a, sy + b) | a, b, r, s ∈ R, r, s > 0}. 
(c) If one of the kernels of M is 3-dimensional, then M is isomorphic to a plane
Proofs of Main Theorems
Let Σ be the subgroup of Aut(T) consisting of all automorphisms that leave the sets G ± invariant and preserve the orientation of parallel classes. We first have the following.
Lemma 3.1. In Σ, the identity map is the only automorphism that fixes three pairwise nonparallel points. To prove Theorem 1.1, we will verify that Σ is locally compact by showing Σ is homeomorphic to a closed subset of the locally compact space P 3 of dimension 6. Then, by a theorem of Szenthe, Σ is a Lie group. Since Σ has finite index in Aut(T), it follows that Aut(T) is also a Lie group of dimension at most 6.
, where π denotes the operation Parallel Intersection (cf. Subsection 2.2). In Σ, let (σ n ) be a sequence of automorphisms that converges on the points d i , and let e i := lim n σ n (d i ), which we may assume to be also pairwise nonparallel, for i = 1, . . . , 5. Let (a n ) and (b n ) be sequences convergent to a and b, respectively, such that a n ∈ D ∩ [d 2 , a), and b n ∈ D ∩ (b, d 5 ]. Let f n := a n d 3 ∩ d 4 b n and let c n := π(f n , d 2 ). Then c n ∈ (a n , b n ). Since the geometric operations are continuous, the limits f := lim n f n and c := lim n c n exist and c ∈ [a, b].
We prove c = a. Suppose the contrary, so that f + a. Consider the sequence (C n ) of circles C n := α(d 3 , f n , a n ) and the constant sequence (d 1 ) on T. By Lemma 2.3, (π ∈ (a, b) . Then, for all sufficiently large n, the point c n belongs to (a, b), which contradicts the assumption
Lemma 3.2 can also be applied for the triple (e 1 , e 2 , e 3 ). In T e 1 , let E be the dense set generated by the points e 2 , e 3 .
Lemma 3.3. D is homeomorphic to E.
Proof. Each point x ∈ D can be obtained from the points d i by finitely many geometric operations. Since we assume (σ n ) converges on d i , lim n σ n (x) exists. Hence we can define σ : D → E : x → lim n σ n (x). In the following, we show that σ is a homeomorphism. By construction, σ is surjective. 1) In the derived plane T d 1 , let R be the closed rectangle formed by the parallel classes of d 2 and d 3 ; in T e 1 , let S be the closed rectangle formed by the parallel classes of e 2 and e 3 , cf. Figure 2 . We first prove that if a point p ∈ D is in the interior of R, then q := σ(p) is in the interior of S.
Each automorphism σ n induces an isomorphism between the derived R 2 -planes
We show that q cannot lie on the boundary of S. Suppose for a contradiction that q ∈ [e 2 , e 4 ). For inductive purposes, we let p 0 := p, p ′ := π(d 3 , p 0 ), and r 0 :
′ , and p n := π(r n , p). It follows that r n+1 ∈ (r n , p ′ ) and p n+1 ∈ (p n , p ′ ). By applying Lemma 2.3 for the sequence of circles C n := α(d 4 , p n , r n+1 ) and the constant sequence (d 1 ) on T, we have both (r n ) and (p n ) convergent to p ′ .
Let q ′ := σ(p ′ ). Since σ(p 0 ) = q and σ(r 0 ) = [q] + ∩ e 2 q ′ = e 2 . The inductive construction yields σ(p n ) = q and σ(r n ) = e 2 .
Let d
, which is a contradiction. Hence, q is in the interior of the rectangle S.
2) By applying the argument in part 1) for arbitrary rectangles in D, we obtain: a) σ maps nonparallel points to nonparallel points;
e 5 e 3′ S in T e 1 Figure 2 in T e 1 . In particular, σ is injective and continuous. The continuity of σ −1 now follows from interchanging the roles of D and E in part 1). This proves the lemma.
Let N be the subset of P 3 defined as
. From Lemma 3.1 and the definition of N, it follows that ω is a continuous bijection. To prove that ω is a homeomorphism between Σ and N, we rely on the following.
In particular, ω is a closed map and N is closed in P 3 .
Proof. 1) We first claim that (σ n ) converges pointwise. Fix x ∈ P. Since P is compact, (σ n (x)) has an accumulation point x * . Passing to subsequences, we assume (σ n (x)) converges to x * . By changing derived planes if necessary, we can further assume that x * is a point in T e 1 .
We further assume that x ∈ (d 2 , d 5 ) in T d 1 , as other cases can be treated similarly. Let (y r ) ∈ D ∩ [d 2 , x) and (z r ) ∈ D ∩ (x, d 5 ] be two sequences convergent to x. Let σ : D → E : x → lim n σ n (x) as in the proof of Lemma 3.3. Passing to subsequences we assume (σ(y r )) → y * and (σ(z r )) → z * .
In T e 1 , by Lemma 2.4, for each fixed r, we have x * ∈ (σ(y r ), σ(z r )). Letting r → ∞, we get x * ∈ [y * , z * ]. Suppose for a contradiction that y * = z * . Since E is dense and σ is a bijection between D and E, there exist two distinct points u, v ∈ D such that σ(u) = σ(v) ∈ (y * , z * ). This implies σ(u) ∈ (σ(y r ), σ(z r )) and thus u ∈ (y r , z r ) for all sufficiently large r. The only point in the point set P satisfying this condition is x, and so u = x. The same argument implies that v = x, which then yields a contradiction. Therefore x * = y * = z * . This proves the claim.
2) We now extend the map σ to the point set P by letting σ : P → P : x → lim n σ n (x), which is a well-defined map by part 1). We claim that (σ n ) converges uniformly to σ. It is sufficient to show convergence on the rectangle R formed by the parallel classes of d 2 and d 3 in the derived plane T d 1 .
Fix ǫ > 0. For every ξ ∈ R let R ξ be a rectangle whose vertices ξ 1 , ξ 2 , ξ 3 , ξ 4 belong to D such that ξ is inside R ξ and max i d(σ(ξ), σ(ξ i )) ≤ ǫ/2, for i = 1, . . . , 4. The union of the interiors of all such rectangles is an open cover of R and thus has a finite subcover F with the set of finite vertices D ǫ/2 ⊂ D. Since (σ n ) converges pointwise, there exists n 0 such that if n ≥ n 0 and χ ∈ D ǫ/2 , then d(σ n (χ), σ(χ)) ≤ ǫ/2.
Let x ∈ R and let R x be a rectangle from F that covers x. Then
is in the interior of the rectangle formed by σ n (x i ), for i = 1, . . . , 4, we have d(σ n (x), σ(x)) ≤ ǫ. Therefore (σ n ) converges uniformly to σ on R.
3) As in the proof of Lemma 3.3, it follows that σ is a bijection and thus a homeomorphism. The continuity of geometric operations ensures that σ is an automorphism of T. Hence (σ n ) converges to σ in Σ.
Proof of Theorem 1.1. We have shown in Lemma 3.4 that Σ ∼ = N. Since N is a closed subspace of P 3 , Σ is locally compact with dimension at most 6. By Szenthe's Theorem (cf. [PS01, Theorems A2.3.4 and A2.3.5]), Σ is a Lie group. Since Σ is a subgroup of index at most 8 of the topological group Aut(T), it follows that Aut(T) is a Lie group of the same dimension as Σ.
Proof of Theorem 1.2. Let Γ be the connected component of Aut(T) and let ∆ ± be the kernel of the action of Γ on G ± . 
